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Abstract—We propose a new partial feedback scheme in mul-
tiuser relay networks (MRNs) where a source communicates with
K destinations via a relay. We focus on a practical network model
where orthogonal frequency division multiple access (OFDMA)
is adopted in the downlink and only limited feedback overhead
is supported in the uplink. For this model, we consider that the
OFDMA spectrum consists of MRB resource blocks (RBs). In the
proposed scheme, the destinations feed back the channel quality
information (CQI) for the best MFB RBs, instead of all MRB RBs,
to the source through the relay, which fulfills the requirement of
feedback overhead. Considering the highly versatile Nakagami-m
fading, we derive new closed-form expressions for the exact sum
rate for ideal CQI feedback and quantized CQI feedback. We
also derive the asymptotic sum rate expression for ideal CQI
feedback. We have some new findings to understand the impact
of network and channel parameters on the sum rate. First, a
more scattering fading environment with a lower m decreases
the sum rate for a small K, but increases the sum rate for a
large K. Second, the sum rate increases as MFB approaches MRB.
Third, the sum rate gap between ideal CQI feedback and quan-
tized CQI feedback increases when MFB or K increases. Fourth,
we demonstrate that the proposed partial feedback scheme
achieves almost the same sum rate as the full feedback scheme for
a large number of destinations.

Index Terms—Multiuser relay network, partial channel quality
information feedback, opportunistic scheduling, orthogonal fre-
quency division multiplex access, Nakagami-m fading.

I. INTRODUCTION

O PPORTUNISTIC scheduling has emerged as an effective
strategy for radio resource management that exploits

the inherent diversity in multiuser networks, especially when
the number of users is large [1], [2]. The basic idea of op-
portunistic scheduling is to schedule a user with the highest
channel quality, thus improving the throughput of the network
[3]. Due to its benefits, opportunistic scheduling has been
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applied in some established standards, e.g., Qualcomms high
data rate (HDR) [4] and high-speed downlink packet access
(HSDPA) [5]. Despite of its success in practical applications,
it is widely agreed that opportunistic scheduling relies heavily
on the feedback of precise channel estimates, which apparently
incurs a substantial burden of feedback overhead. Importantly,
this burden becomes overwhelming in orthogonal frequency-
division multiple access (OFDMA) systems, since feedback
for all the blocks of sub-carriers may easily overwhelm the
feedback link, even for a system with a small number of
users. In an OFDMA system with K users, for example, sub-
carriers are grouped into MRB resource blocks (RBs) and each
RB is used as a scheduling unit. As a result, the number of
the CQIs required by the scheduler is KMRB, which causes a
high feedback overhead in the uplink. To reduce the feedback
overhead, numerous research efforts have been devoted into
designing schemes with low feedback overhead [6]–[16]. One
effective scheme is opportunistic feedback which selects the
users with the highest scheduling probability to feed back their
CQI to the source [6]–[9]. Another scheme is partial feedback
(e.g., best-M in Long-Term Evolution (LTE) systems), which
allows each user to feed back the best MFB CQI values out of
MRB to the source [10]–[16].

Recently, the adoption of OFDMA in multiuser relay net-
works (MRNs) has received considerable attention in practical
applications, such as the LTE-Advanced (LTE-A) system [17],
[18] and the Mobile Worldwide Interoperability for Microwave
Access (WiMAX) system [19], [20]. This adoption has posed
new challenges to the design of scheduling and feedback
schemes, since the CQIs of both the source-relay link and
the relay-user link are required for the scheduler to assign
resources. Against this background, some scheduling schemes
have been studied for relay networks [21]–[25]. In [21] and
[22], the sum-rate was maximized under the constraint that
the relay has the same receiving rate and transmission rate.
A generalized proportional fairness was addressed in [23] for
OFDMA amplify-and-forward (AF) relay networks. In [24],
the resource allocation and user scheduling were optimized for
the shared relay system under the practical wireless backhaul
constraint. In [25], a joint user-and-hop scheduling strategy
was proposed to reap the benefits of multiuser diversity and
multi-hop diversity together. We note that all of these studies
are based on an ideal assumption that the channel state in-
formation of all links is completely known at the scheduler.
Needless to say, this requires a huge amount of resources in
the feedback link for practical implementation. Therefore, an
overhead reduction is required in the feedback link to balance
the scheduling performance with limited resources in MRNs.
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In this paper, we propose a new partial feedback scheme
in MRNs where the communication between the source and
the K destinations is assisted by a decode-and-forward (DF)
relay. We consider that OFDMA is employed in the downlink
and the OFDMA spectrum is assumed to provide MRB RBs.
In the network, opportunistic scheduling is adopted among
multiple destinations such that the destination with the highest
end-to-end CQI is selected for transmission. To reduce the
feedback overhead incurred by opportunistic scheduling, our
proposed scheme utilizes the best MFB RBs to convey the CQI
from the destinations to the source via the relay. To allow the
source to know the equivalent end-to-end CQI of the source-
relay-destination link, our proposed scheme requires the relay
to calculate the equivalent end-to-end CQI and then feed it
back along with the corresponding RB indices and destination
indices to the source. To examine the performance achieved by
our proposed scheme, we derive new closed-form expressions
for the exact sum rate in practical Nakagami-m fading channels
for two cases, namely, ideal CQI feedback and quantized CQI
feedback. To this end, new exact expressions are derived for
the cumulative distribution function (CDF) of the highest end-
to-end SNR associated with the scheduled destination. We also
derive an asymptotic sum rate expression for ideal CQI feed-
back, which accurately predicts the network performance for a
large number of destinations. We further derive an approximate
expression that characterizes the sum rate gap between ideal
CQI feedback and quantized CQI feedback, based on which the
impact of network parameters on this gap is examined. Using
these results, we provide some new findings that allow us to
understand the impact of network and channel parameters on
the sum rate, as follows.

1) We find that a more scattering environment with a lower
Nakagami-m fading parameter m reduces the sum rate
for a small K, but improves the sum rate for a large K.
This finding is due to the fact that when m decreases, the
fading environment becomes more scattering and the re-
ceived signals become more fluctuated. The higher signal
fluctuation together with a larger number of users enables
the scheduler to arrange transmissions at higher peaks of
channel fading, which leads to an improved sum rate.

2) We find that an increasing MRB with a fixed MFB reduces
the sum rate. We also find that an increasing MFB with a
fixed MRB improves the sum rate. These findings are due
to the fact that the sum rate is an increasing function of a

factor

[
1 −

(
1 − MFB

MRB

)K
]

. When MRB increases, the fac-

tor decreases, leading to a reduced sum rate. When MFB
increases, the factor increases, leading to an improved
sum rate.

3) We find that the sum rate gap between ideal CQI feedback
and quantized CQI feedback decreases as the quantization
levels L increases. This finding is due to the fact that an
increasing L improves the accuracy of quantized CQIs
and lowers the level of quantization noise. We also find
that this gap increases as K or MFB increases. This finding
is due to the fact that a larger K or MFB increases the
number of quantized CQIs and thus raises the level of
quantization noise.

Fig. 1. The schematic illustration of the MRN.

4) We find that the sum rate of our proposed partial feedback
scheme asymptotically approaches that of the full feed-
back scheme which uses all the MRB RBs, as K increases.
This finding is due to the fact that the scheduling outage
probability for the partial feedback scheme approaches
0 as K grows large and that scheduling outage does not
occur in the full feedback scheme.

The rest of this paper is organized as follows. Section II
describes the system model and the proposed partial CQI
feedback scheme. Section III derives new expressions for the
sum rate of ideal and quantized CQI feedback in Nakagami-m
fading. Section IV presents numerical and simulation results to
examine the impact of network and channel parameters on the
performance. Conclusions are finally drawn in Section V.

II. PROPOSED PARTIAL CQI FEEDBACK SCHEME

IN MULTIUSER RELAY NETWORKS

A. Multiuser Relay Networks

We consider the MRN where the communication between
a source S and K destinations {Dk}K

k=1 is aided by a relay R,
as depicted in Fig. 1. In this network, S, R, and {Dk}K

k=1 can
be considered as the base station, the relay station, and the
mobile users, respectively. The direct links between the source
and the destinations are assumed to be in absence. As such,
the communication between S and Dk is performed via R only.
This assumption is common in realistic scenarios where the
destinations are located a fairly long distance from the source,
e.g., at the cell edge or within heavily shadowed areas. We
clarify that the MRN without the direct link has been viewed
as a typical scenario in the LTE-A system [17], [18] and the
WiMAX system [19], [20]. As such, it has been examined in
several publications [26]–[29].

In the MRN, we consider the deployment of OFDMA in the
downlink such that both S and R transmit data using OFDMA.
The aim of this deployment is to subdivide the downlink
bandwidth into MRB resource blocks of sub-carriers. Notably,
the sub-carrier frequencies are carefully chosen to ensure that
the sub-carriers are orthogonal to each other. Therefore, the use
of OFDMA enables S to separate the transmissions to multiple
users through R and reap the benefits of opportunistic schedul-
ing. We assume that the number of RBs at S is equal to the
number of RBs at R, which is denoted by MRB. We also assume
that the channel between S and R and the channel between
R and Dk are subject to independent frequency-flat fading,
where the channels remain unchanged during one end-to-end
transmission interval, but change independently between two
transmission intervals. Prior to the transmission, R uses the pilot
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sub-carriers from S to measure the CQI values on the RBs in the
S–R link. Also, Dk uses the pilot sub-carriers from R to measure
the CQI values on the RBs in the R–Dk link. Then, Dk feeds
back the CQIs together with their RB indices and destination
index k to R. Finally, R calculates the equivalent CQI values
on the RBs in the S–R–Dk link, and feeds back the CQI values
along with their RB indices and destination index k to S.

We assume that R is constrained to a half-duplex operation
and adopts the DF relaying protocol to regenerate the data
received from S. As such, the downlink transmission from S
to Dk is completed within two time slots. In the first time slot,
the received signal yR,b at R on RB b is given by

yR, b =
√

PSd−η

S,RhR,bxb + vR,b, (1)

where PS denotes the transmit power at S, dS,R denotes the
distance between S and R, η denotes the path loss exponent,
hR,b denotes the channel fading coefficient of S–R link on RB
b, xb denotes the transmitted data on RB b, and vR,b denotes
the additive white Gaussian noise (AWGN) component with
variance σ 2 at R on RB b. In the second time slot, R decodes
the received signal from S. In the case of successful decoding,
R re-encodes and retransmits the signal to Dk. Let x̃b denote the
re-encoded version of xb at R. The received signal yDk,b at Dk

on RB b is given by

yDk,b =
√

PRd−η
R,Dk

hDk,bx̃b + vDk,b, (2)

where PR denotes the transmit power at R, dR,Dk denotes the
distance between R and Dk, hDk,b denotes the channel fading
coefficient of R–Dk link on RB b, and vDk,b is the AWGN
component with variance σ 2 at Dk on RB b. According to (1)
and (2), the instantaneous SNRs at R and Dk on RB b are given
by γR,b = |hR,b|2d−η

S,RρS and γDk,b = |hDk,b|2d−η
R,Dk

ρR, respec-

tively, where ρS = PS/σ 2 and ρR = PR/σ 2 denote the transmit
SNR at S and R, respectively.1 Additionally, the average SNRs
at R and Dk on RB b are defined as γ̄R,b = E[γR,b] and γ̄Dk,b =
E[γDk,b], respectively, with E[·] denoting the expectation oper-
ation.

In this network, we focus on generalized and versatile
Nakagami-m fading channels. The Nakagami fading stands for
a wide range of multipath channels via the variation of m [30],
[31]. For instance, the Nakagami-m distribution includes the
Rayleigh fading (m = 1) as a special case. Moreover, when
m > 1, a one-to-one mapping between the Rician factor and
the Nakagami fading parameter allows the Nakagami-m distri-
bution to closely approximate the Rice distribution [31]. More
importantly, the Nakagami-m fading often gives the best fit to
urban [31] and indoor multipath propagation [32], which are
the typical scenarios for relay networks. Here, we denote m0
as the fading parameter between S and R and denote mk as the
fading parameter between R and Dk. Specifically, we assume
independent and identically distributed (i.i.d.) fading among

1We highlight that the instantaneous SNRs for {Dk}K
k=1 are non-identically

distributed, due to the consideration of different distances {dR,Dk }K
k=1 and

different channel gains {|hDk,b|2}K
k=1. We also highlight that the average

SNRs for {Dk}K
k=1 are different, due to the consideration of different distances

{dR,Dk }K
k=1.}

MRB RBs for each destination, which corresponds to a block
fading model in the frequency domain [10]. Importantly, the
simulation provided in [11] has proved that this assumption
is approximately valid for a wide bandwidth OFDMA system.
Although this assumption may not be true in every practical
system, it indeed enables analytical tractability and provides
an upper bound on the capacity of the systems where this
assumption does not apply [12]. Based on the i.i.d. distribu-
tion across the RBs for each node, the average SNR at R
is written as E[γR,1] = E[γR,2] = · · · = E[γR,MRB] = γ 0 and
the average SNR at Dk is written as E[γDk,1] = E[γDk,2] =
· · · = E[γDk,MRB] = γ k. To alleviate the notation, we define
h0,b � hR,b, hk,b � hDk,b, γ0,b � γR,b, and γk,b � γDk,b, ∀ k, b.
As such, the probability density function (PDF) of γu,b, u =
0, 1, · · · , K, is given by

fγu,b(γ ) = 1

�(mi)

(
mi

γ u

)mi

γ mi−1e− miγ
γ u , (3)

where i = 0 for u = 0, i = u for u = 1, 2, · · · , K, and �(·)
is the gamma function [33, Eq. (8.310.1)] defined as �(x) =
(x − 1)! for integer values of x. We note that Nakagami-m
describes a wide range of fading situations by varying mi.
For instance, mi = 1 corresponds to the Rayleigh fading, mi >

1 corresponds to the situation where a specular component
coexist with diffuse components, and Nakagami-m approaches
additive white Gaussian noise (AWGN) fading when m → ∞.
We further denote X ∼ G(α, β) as a Gamma distributed random
variable with parameters α and β. Therefore, the PDF of X is
given by [34]

fX(x) = βα

�(α)
xα−1e−βx, (4)

and the cumulative distribution function (CDF) of X is given
by [34]

FX(x) = �̃(α, βx), (5)

where �̃(·, ·) is the incomplete Gamma function [33, Eq.
(8.350.1)] defined as �̃(a, x) = ∫ x

0 ta−1e−tdt. According to (3)
and (4), we have γ0,b ∼ G(m0, β0), and γk,b ∼ G(mk, βk) with
β0 = m0/γ 0 and βk = mk/γ k.

We now present the instantaneous SNR at Dk and its statisti-
cal properties. If Dk receives the transmitted signal from R on
RB b, the equivalent end-to-end instantaneous SNR on RB b,
γ̃k,b, is given by [35].

γ̃k,b = min{γ0,b, γk,b}. (6)

Otherwise, we have γ̃k,b = 0. Based on the results of order
statistics [36], we derive the CDF of γ̃k,b, Fγ̃k(γ ), as

Fγ̃k(γ ) = 1 −
(

1 − �̃(m0, β0γ )
) (

1 − �̃(mk, βkγ )
)

. (7)

Correspondingly, we derive the PDF of γ̃k,b, fγ̃k(γ ), by taking
the first derivative of (7) with respect to γ , which yields

fγ̃k(γ ) = β
m0
0

�(m0)
γ m0−1e−β0γ

(
1 − �̃(mk, βkγ )

)
+ β

mk
k

�(mk)
γ mk−1e−βkγ

(
1 − �̃(m0, β0γ )

)
. (8)
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B. Proposed Scheme

We detail the proposed partial CQI feedback scheme in this
subsection. Prior to data transmission, the CQI values in the
S–R and R–Dk links are measured using pilot sub-carriers
transmitted by S and R, respectively, and fed back. We assume
that the measurement and feedback of CQI are free of error.
We denote Z0,b as the CQI in the S-R link on RB b, the value
of which is calculated based on γ0,b. We also denote Zk,b as
the CQI in the R–Dk link on RB b the value of which is
calculated based on γk,b. The calculation of Z0,b from γ0,b

and the calculation of Zk,b from γk,b will be later specified in
Section III. Our proposed scheme is performed in two steps:
1) partial feedback and 2) opportunistic scheduling. These two
steps are detailed as follows:

1) Partial Feedback: This step is completed in two consec-
utive phases. In the first phase, Dk compares its MRB values of
CQI and determines the highest MFB values out of MRB values.
Then, Dk feeds back the MFB CQI values along with their RB
indices and the destination index k to R. In the second phase,
if R receives CQI feedback for RB b from Dk, it calculates the
equivalent end-to-end CQI of the S–R–Dk link, Z̃k,b, which is
given by

Z̃k,b = min{Z0,b, Zk,b}. (9)

We clarify that the equivalent end-to-end CQIs are calculated
based on the MFB RBs for each destination, rather than the
MRB RBs. This is the benefit offered by the adoption of partial
feedback. Notably, our partial feedback scheme considerably
decreases the feedback overhead compared to the full feedback
scheme where all the MRB values are conveyed back from
Dk to R [37]. Moreover, compared to the best-M feedback
scheme [14], our two-phase feedback scheme enables S to
obtain the equivalent end-to-end CQI of the S–R–Dk link. After
determining Z̃k,b using (9), R feeds back Z̃k,b, the RB index b,
and the destination index k to S.

2) Opportunistic Scheduling: This step commences when S
receives Z̃k,b along with the RB index b and the destination
index k from R. Since Dk selects the MFB out of MRB CQI
values independently, the number of CQI values on RB b, νb,
received by S is lower than or equal to K, i.e. νb ≤ K. To
facilitate the discussion, we define the set including the indices
of the destinations which feed back CQI for RB b to R as Kb =
{kb(q)}νb

q=1. Based on the received information, S estimates the
equivalent end-to-end SNR on RB b for Dkb(q), γ̃kb(q),b. As
per the principles of opportunistic scheduling, the scheduled
destination for transmission on RB b, k∗

b , is determined via the
criterion given by

k∗
b = arg max

q=1,2,··· ,νb

{
γ̃kb(q),b

}
. (10)

After determining k∗
b , S assigns RB b to destination k∗

b and
enables data transmission. When R forwards the regenerated
data in the second phase, the data for destination k∗

b is also
conveyed on RB b. This assignment guarantees that the data
for different users is conveyed on different RBs. We note that
there is a possibility in the scheme that no CQI on some RBs

is fed back, i.e., |Kb| = 0. In this case, no data is conveyed on
these RBs. We clarify that |Kb| = 0 does not contribute to the
calculation of the sum rate. In the following section, we will
conduct the sum rate analysis for the case of |Kb| �= 0.

III. SUM RATE ANALYSIS

In this section, we derive new closed-form expressions for
the sum rate of the MRN employing our proposed scheme
in generalized Nakagami-m fading channels. Specifically, we
consider two scenarios: 1) ideal CQI feedback and 2) quantized
CQI feedback.

A. Ideal CQI Feedback

In this subsection, we consider the scenario of ideal CQI
feedback where the accurate value of γ̃k,b is estimated from the
feedback CQI. The performance analysis for this scenario al-
lows us to quantify the maximum sum rate without considering
the loss incurred by CQI quantization.

In MRNs, opportunistic scheduling is achieved by assigning
the RB to the destination with the highest end-to-end instan-
taneous SNR out of K destinations, at any particular time.
Therefore, for ideal CQI feedback, the effective CQI in the S-R
link on RB b is given by

Z(I)
0,b = γ0,b

ρR
, (11)

and the effective CQI in the R − Dk link on RB b is given by

Z(I)
k,b = γk,b

ρR
. (12)

Based on (9), the end-to-end CQI for ideal CQI feedback is
calculated by R using Z̃(I)

k,b = min{Z(I)
0,b, Z(I)

k,b}.
The exact sum rate of the MRN is obtained by averaging the

transmission rates over all RBs b = 1, 2, · · · , MRB. From (10),
we define

X(I)
k∗

b
= max

q=1,2,··· ,νb

{
Z̃(I)

kb(q),bρR

}
. (13)

Then the exact sum rate can be derived by calculating the
expectation of the rate with respect to the received SNR γ̃k∗

b,b
on all the RBs, which can be expressed as

Rsum = E

[
1

2
log2

(
1 + γ̃k∗

b,b

)]
, (14)

where the factor 1
2 is due to the fact that the transmission is over

two consecutive time slots. From (13), we have X(I)
k∗

b
= γ̃k∗

b,b.

Moreover, {X(I)
k∗

b
}MRB

b=1
have the equal likelihood of 1

MRB
over

all RBs. According to [38], the exact sum rate for ideal CQI
feedback is derived as

R(I)
sum =

MRB∑
b=1

1

MRB
E

[
1

2
log2

(
1 + X(I)

k∗
b

)]
(a)= 1

2 log 2
E

[
log
(

1 + X(I)
k∗

b

)]
= 1

2K log 2

K∑
k=1

∫ ∞

0
log (1 + γ ) d

(
F

X(I)
k∗b

(γ )

)
, (15)
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where F
X(I)

k∗b
(γ ) is the CDF of X(I)

k∗
b

. In (15), (a) follows from the

fact that the instantaneous SNRs are independent and identi-
cally distributed with respect to RBs. In addition, 1

2MRB
in (15)

captures the two time slot transmission and the MRB RBs in
each time slot.

Observing (15), we find that the key to calculate R(I)
sum is to

derive F
X(I)

k∗b
(γ ). As such, we express F

X(I)
k∗b

(γ ) as

F
X(I)

k∗b
(γ )= Pr

(
X(I)

k∗
b

< γ
)

(b)=
∑
Kb

Pr (Kb) Pr
(

X(I)
k∗

b
< γ |k ∈ Kb

)

(c)=
K∑

μ=0

Pr (|Kb| = μ) Pr
(

X(I)
k∗

b
< γ

∣∣∣ |Kb| = μ
)

, (16)

where (b) follows the total probability law and (c) is due to the

fact that Pr (|Kb|=μ) Pr
(
X(I)

k∗
b

<γ ||Kb|=μ
)

is only determined

by μ, i.e. the size of Kb, but not by the identity of the μ entities
in Kb. To derive F

X(I)
k∗b

(γ ), we next derive Pr(|Kb|=μ) in Step 1

and derive Pr
(
X(I)

k∗
b

<γ

∣∣∣ |Kb|=μ
)

in Step 2.

Step 1: Since each of the MRB RBs is selected indepen-
dently, the probability that MFB RBs are selected to feed back
CQI is MFB/MRB. Moreover, we find that |Kb| follows the
binomial distribution with the probability mass function [39],
which is due to the fact that the channel is independent among
the destinations. As such, we derive Pr(|Kb| = μ) as

Pr (|Kb| = μ) �


[
MFB

MRB
, K, μ

]

=
(

K

μ

)(
MFB

MRB

)μ (
1 − MFB

MRB

)K−μ

. (17)

Step 2: Since RB b is arranged to a single destination in the
two consecutive time slots, Z̃(I)

kb(q),b is independently distributed
at RB b. Thus, applying (13) with the results of order statistics

[36], we derive Pr
(

X(I)
k∗

b
< γ

∣∣∣ |Kb| = μ
)

as

Pr
(

X(I)
k∗

b
< γ

∣∣∣ |Kb| = μ
)

=
(

F(I)
Yk,b

(γ )
)μ

, (18)

where F
Y(I)

k,b
denotes the CDF of Y(I)

k,b, and Y(I)
k,b denotes the SNR

in the S − R − Dk link at the RBs that feed back CQI. With the
aid of Lemma 1 in [15], we obtain F

Y(I)
k,b

(γ ) as

F
Y(I)

k,b
(γ ) =

MFB−1∑
t=0

e1 [MRB, MFB, t]
(
Fγ̃k(γ )

)MRB−t
, (19)

where

e1 [MRB, MFB, t] =
MFB−1∑

τ=t

MFB − τ

MFB

(
MRB

τ

)(
τ

t

)
(−1)τ−t.

Substituting (19) into (18), we obtain

Pr
(
X(I)

k∗
b

<γ

∣∣∣|Kb|=μ
)
=

μ(MFB−1)∑
κ=0

εμ,κ

(
Fγ̃k(γ )

)μMRB−κ
, (20)

where εμ,κ is the (κ + 1)-th entry of eμ = e1 ∗ e1 ∗ · · · ∗ e1︸ ︷︷ ︸
μ

with e1 = [e1[MRB, MFB, 0] · · · e1[MRB, MFB, MFB − 1]].
Here, we denote x ∗ y as the convolution between x and y and
denote x ∗ x ∗ · · · ∗ x︸ ︷︷ ︸

M

as the M times repeated convolution of x.

Aided by [15, Eq. (11)], we obtain εμ,κ = e2[MRB, MFB, μ, κ],
where e2[MRB, MFB, μ, κ] is given by (21), shown at the
bottom of the page. Substituting (17) and (20) into (16), we
derive F

X(I)
k∗b

(γ ) as

F
X(I)

k∗b
(γ ) =

K∑
μ=0




[
MFB

MRB
, K, μ

]

×
μ(MFB−1)∑

κ=0

εμ,κ

(
Fγ̃k (γ )

)μMRB−κ

=


[
MFB

MRB
, K, 0

]
+

K∑
μ=1




[
MFB

MRB
, K, μ

]

×
μ(MFB−1)∑

κ=0

εμ,κ

(
Fγ̃k (γ )

)μMRB−κ
. (22)

Substituting (22) into (15), the exact sum rate for ideal CQI
feedback is derived as

R(I)
sum = 1

2K

K∑
k=1

K∑
μ=1




[
MFB

MRB
, K, μ

] μ(MFB−1)∑
κ=0

εμ,κ

× I1(μMRB − κ; m0, mk, β0, βk), (23)

where I1(N; m0, mk, β0, βk) is given by

I1(N; m0, mk, β0, βk)=
∫ ∞

0
log2(1 + γ )d

(
Fγ̃k(γ )

)N
. (24)

e2[MRB, MFB, μ, κ] =

⎧⎪⎨
⎪⎩

(e1[MRB, MFB, 0])μ , κ = 0∑min{κ,MFB−1}
τ=1

((μ+1)τ−κ)e1[MRB,MFB,τ ]e2[MRB,MFB,μ,κ−τ ]
κe1[MRB,MFB,0] , 1 ≤ κ < μ(MFB − 1)

(e1[MRB, MFB, MFB − 1])μ , κ = μ(MFB − 1)

(21)
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When m0 and mk are integers, (24) is derived in closed-form as

I1(N; m0, mk, β0, βk)

= N

(m̂k − 1)! log 2

N−1∑
n=0

(
N − 1

n

)
(−1)ne(n+1)(β0+βk)

×
m̃k,n∑
�=0

wk,n,�(m̂k + � − 1)!

×
m̂k+�∑
j=1

�̂(j − m̂k − �, (n + 1)(β0 + βk))

[(n + 1)(β0 + βk)]j , (25)

where m̃k,n =n(m0+mk−2)+m̌k−1, m̂k =min{m0, mk},
m̌k =max{m0,mk}, and �̂(α,x) denotes the incomplete gamma
function [33, Eq. (8.350.1)] given by �̂(α, x) = ∫ x

0 e−ttα−1dt.

When α = −q, q ∈ N
+, �̂(−q, x) is calculated as

�̂(−q, x) = (−1)q

q!
[
E1(x) − e−x∑q−1

ρ=0
(−1)ρρ!

xρ+1

]
, where E1(x)

is the exponential integral function of the first kind [40, Eq.
(5.1.1)] given by E1(x) = ∫∞

x
e−t

t dt. The variable wk,n,� is the
(� + 1)-th entry of wk,n, where

wk,n = ak ∗ c0 ∗ · · · ∗ c0︸ ︷︷ ︸
n

∗ ck ∗ · · · ∗ ck︸ ︷︷ ︸
n

. (26)

In (26), we define ak = [a0 a1 · · · am̌k−1], where if
m0 = mk, aε is given by

aε = β
mk
k βε

0 + β
m0
0 βε

k

ε! , (27)

if m0 < mk, aε is given by

aε =
⎧⎨
⎩

β
mk
k βε

0�(m0)

ε!�(mk)
, 0≤ε≤mk − m0−1

β
mk
k βε

0�(m0)

ε!�(mk)
+ β

m0
0 βε

k
ε! , mk−m0 ≤ε≤mk−1,

(28)

and if m0 > mk, aε is given by

aε =
⎧⎨
⎩

β
m0
0 βε

k �(mk)

ε!�(m0)
, 0≤ε≤m0−mk−1

β
m0
0 βε

k �(mk)

ε!�(m0)
+ β

mk
k βε

0
ε! , m0−mk ≤ε≤m0−1.

(29)

In (26), we further define c0 =
[

1β0
β2

0
2! · · · β

m0−1
0

(m0−1)!
]

and ck =[
1βk

β2
k

2! · · · β
mk−1
k

(mk−1)!
]

. The detailed proof of (25) is given in

Appendix A. Finally, the exact sum rate for ideal CQI feedback
is derived in (30), shown at the bottom of the page, where
λk,n = (n + 1)(β0 + βk).

Based on (30), we present simplified results for some special
cases, as follows.

Case 1: MRN subject to i.i.d. Rayleigh fading with
m0 = m1 = · · · = mk = 1. In this case, (30) is simplified as

R(I)
sum = 1

2K log 2

K∑
k=1

K∑
μ=1




[
MFB

MRB
, K, μ

]

×
μ(MFB−1)∑

κ=0

εμ,κ(μMRB − κ)

μMRB−κ−1∑
n=0

(−1)n

× wk,n,0

(
μMRB − κ − 1

n

)
eλk,n

λk,n
E1(λk,n). (31)

we note that (31) can be derived based on [15, Eq. (13)] which
is the throughput of multiuser networks over Rayleigh fading.

Case 2: Single-user relay network with K = 1. In this case,
(30) is simplified as

R(I)
sum = MFB

2(m̂1 − 1)!MRB log 2

MFB−1∑
κ=0

ε1,κ

MRB−κ−1∑
n=0

eλn,1

×
(

MRB − κ − 1

n

) m̃1,n∑
�=0

(−1)nw1,n,�

× (m̂1 + � − 1)!
m̂1+�∑
j=1

(−1)m̂1+�−j

λ
j
1,n(m̂1 + � − j)!

×
⎛
⎝E1(λ1,n) − e−λ1,n

m̂1+�−j−1∑
ρ=0

(−1)ρρ!
λ

ρ+1
k,n

⎞
⎠ . (32)

We note that multiuser diversity gain vanishes when K = 1.
As such, (32) is equivalent to the average rate of a point-
to-point relay-aided system in Nakagami-m fading channels,
where optimal rate control [41] is applied among the best MFB
out of MRB RBs.

Case 3: Each destination feeds back the CQI of only the
best RB to the source. In this case, (30) is simplified as

R(I)
sum =

K∑
k=1

MRB

2K(m̂k − 1)! log 2

K∑
μ=1




[
1

MRB
, K, μ

]
εμ,0

× μ

μMRB−1∑
n=0

(−1)n
m̃k,n∑
�=0

wk,n,�

(
μMRB − 1

n

)

× (m̂k + � − 1)!eλk,n

m̂k+�∑
j=1

(−1)m̂k+�−j

λ
j
k,n(m̂k + � − j)!

×
⎛
⎝E1(λk,n)−e−λk,n

m̂k+�−j−1∑
ρ=0

(−1)ρρ!
λ

ρ+1
k,n

⎞
⎠ . (33)

R(I)
sum =

K∑
k=1

1

2K(m̂k − 1)! log 2

K∑
μ=1




[
MFB

MRB
, K, μ

] μ(MFB−1)∑
κ=0

εμ,κ

μMRB−κ−1∑
n=0

m̃k,n∑
�=0

(μMRB − κ)

(
μMRB − κ − 1

n

)

× (−1)nwk,n,�(m̂k + � − 1)!eλk,n

m̂k+�∑
j=1

(−1)m̂k+�−j

λ
j
k,n(m̂k + � − j)! ×

⎛
⎝E1(λk,n) − e−λk,n

m̂k+�−j−1∑
ρ=0

(−1)ρρ!
λ

ρ+1
k,n

⎞
⎠ (30)
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We highlight that (33) can be viewed as an extension of
[42, Eq. (11)] to the MRN in Nakagami-m fading.

Case 4: Full feedback with MFB = MRB. In this case, aided
with [15, Corollary 1], (30) is simplified as

R(I)
sum =

K∑
k=1

1

2(m̂k − 1)! log 2

K−1∑
n=0

(−1)n

×
m̃k,n∑
�=0

wk,n,�(m̂k + � − 1)!
(

K − 1

n

)
eλk,n

×
m̂k+�∑
j=1

(−1)m̂k+�−j

λ
j
k,n(m̂k + � − j)!

×
⎛
⎝E1(λk,n)−e−λk,n

m̂k+�−j−1∑
ρ=0

(−1)ρρ!
λ

ρ+1
k,n

⎞
⎠. (34)

Note that in the presence of full feedback, the sum rate is not
affected by MRB. It is equivalent to the sum rate of the MRN
with a single carrier in the downlink [34].

B. Quantized CQI Feedback

In this subsection, we consider the scenario of quantized CQI
feedback where the indices of the quantized CQI regions are
fed back from the receiver to the transmitter. We highlight that
quantized CQI further reduces the feedback overhead relative to
ideal CQI which mandates the exact CQI values in the feedback
channel. The performance analysis for this scenario allows us to
examine the impact of quantization parameters on the sum rate.

For quantized CQI feedback, the CQI of the R − Dk link on
RB b is defined as

Z(Q)
k,b = Q

(
Z(I)

k,b

)
(35)

with

Q
(

Z(I)
k,b

)
= Jl, for ξl ≤ Z(I)

k,b < ξl+1 and 1 ≤ l ≤ L, (36)

where Jl denotes the index of quantization region, ξl denotes the
boundary value between two quantization regions, ξL+1 = ∞,
and L denotes the number of quantization levels. We clarify that
the indices of the quantized regions are fed back from Dk to R.
Similarly, the CQI in the S-R link on RB b is defined as

Z(Q)
0,b = Q

(
Z(I)

0,b

)
. (37)

As such, R calculates the quantized end-to-end CQI on RB b as
Z̃(Q)

k,b = min{Z(Q)
0,b , Z(Q)

k,b }.
For quantized CQI feedback, we define

X(Q)

k∗
b

= max
q=1,2,··· ,νb

{
�
(

Z̃(Q)
kb(q),b

)
ρR

}
, (38)

where �(Jl) = ξl. Accordingly, the exact sum rate for quan-
tized CQI feedback is expressed as

R(Q)
sum =E|Kb|EX(Q)

k∗b

[
log2(1 + X(Q)

k∗
b

)

∣∣∣∣ |Kb| �= 0

]

= 1

2K

K∑
k=1

L∑
l=1

log2 (1 + ξlρR) Pr (Jl||Kb| = μ) . (39)

In (39), we express Pr(Jl||Kb| = μ) as

Pr(Jl||Kb| = μ) = Pr(|Kb| = μ)

× Pr
(

X(Q)

k∗
b

= ξlρR||Kb| = μ
)

. (40)

We next use the results of order statistics [36] to derive
Pr(X(Q

k∗
b

= ξlρR||Kb| = μ) in (40) as

Pr
(

X(Q)

k∗
b

= ξlρR||Kb| = μ
)

= Pr

(
max
k∈Kb

Y(Q)
k,b ≤ ξl+1

)
− Pr

(
max
k∈Kb

Y(Q)
k,b ≤ ξl

)
=
[
Pr
(

Y(Q)
k,b ≤ ξl+1

)]μ −
[
Pr
(

Y(Q)
k,b ≤ ξl

)]μ
. (41)

We note that the CDF of Y(Q)
k,b , F

Y(Q)
k,b

(γ ), is equivalent to

F
Y(I)

k,b
(γ ) given by (19), the proof of which is given in

Appendix B. As such, substituting (17), (40), and (41) into (39),
we derive the closed-form expression for R(Q)

sum as

R(Q)
sum = 1

2K

K∑
k=1

K∑
μ=1




[
MFB

MRB
, K, μ

] L∑
l=1

log2 (1 + ξlρR)

×
[(

F
Y(Q)

k,b
(ξl+1ρR)

)μ

−
(

F
Y(Q)

k,b
(ξlρR)

)μ]

= 1

2K

K∑
k=1

K∑
μ=1




[
MFB

MRB
, K, μ

]
I2 (μ; ξ1, · · · , ξL) , (42)

where

I2(μ; ξ1, · · · , ξL) =
L∑

l=1

log2(1 + ξlρR)

×
[(

F
Y(Q)

k,b
(ξl+1ρR)

)μ

−
(

F
Y(Q)

k,b
(ξlρR)

)μ]
..

Compared (42) with (23), the finite integral in (23) is replaced
by the sum of the expectations of log2(1 + ξlρR) in the L quan-
tization regions (42). As such, the exact sum rate in (42) can
be viewed as the approximation of the exact sum rate for ideal
CQI feedback. Importantly, the gap between (42) and (23) can
be bridged as L increases, which will be shown in Section IV.

C. Asymptotic Sum Rate

In this section, we derive the asymptotic sum rates for ideal
CQI, as K → ∞. Here, the consideration of K → ∞ corre-
sponds to the scenario where a high density deployment of users
are served in the network. The newly derived asymptotic result
simplifies the exact expression for the exact sum rate in (23).
We highlight that the asymptotic result for ideal CQI feedback
can be used to approximate the sum rate for quantized CQI
feedback with a large L.

In deriving R̂(I)
sum, we first find from Fig. 2 that for fixed

m0, m1, β0, and βk, I1(N; m0, mk, β0, βk) is saturated when N
grows large. We then find that �I1(N; m0, mk, β0, βk) ap-
proaches zero for a large N. Therefore, we conclude that
I1(μMRB−κ; m0,mk,β0,βk)≈ I1(K;m0, mk,β0,βk) when K→
∞. Furthermore, we find from (20) that

∑μ(MFB−1)
κ=0 εμ,κ =1.
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Fig. 2. I1(N; m0, mk, β0, βk) and �I1(N; m0, mk, β0, βk) = I1(N; m0, mk,
β0, βk) − I1(N − 1; m0, mk, β0, βk) versus N for different values of m0, mk,
β0, and βk.

As such, the asymptotic sum rate for ideal CQI feedback is
derived as

R̂(I)
sum =

K∑
k=1

I1(K; m0, mk, β0, βk)

2K

K∑
μ=1




[
MFB

MRB
, K, μ

]

=
K∑

k=1

I1(K; m0, mk, β0, βk)

2K

[
1 −

(
1 − MFB

MRB

)K
]

.

(43)

We clarify that the term
(

1 − MFB
MRB

)K
in (43) is the scheduling

outage probability [13] (or equivalently, the feedback hole
probability [14]), which characterizes the probability of that
no CQI is fed back for a RB. It is easy to see that the
scheduling outage probability decreases when MFB

MRB
increases,

and approaches 0 as K grows large.
Based on (43), we offer four valuable insights as

1) The sum rate of our partial feedback scheme increases
with K. This is due to the fact that R̂(I)

sum is a monotonically
increasing function of K.

2) The sum rate of our partial feedback scheme becomes
saturated in the large regime of K. This is due to the
fact that in the large regime of K, I1(K; m0, mk, β0, βk)

becomes saturated and the scheduling outage probability
approaches zero.

3) The sum rate of our partial feedback scheme increases
with MFB. Notably, the sum rate of our partial feedback
scheme approaches that of the full feedback scheme when
MFB approaches MRB. This is due to the fact that the
scheduling outage probability decreases and approaches
0 when MFB increases and becomes close to MRB.

4) The sum rate of our partial feedback scheme approaches
that of the full feedback scheme for fixed MFB and MRB,
when K grows large. This is due to the fact that the
scheduling outage probability approaches 0 as K → ∞.

These insights will be verified in Section IV.

We next present the asymptotic sum rate for some special
cases. First, by setting m0 = m1 =, · · · ,= mK = 1 in (43), the
asymptotic result for Case 1 is derived as

R̂(I)
sum =

K∑
k=1

I1(K; 1, 1, β0, βk)

2K

[
1−
(

1− MFB

MRB

)K
]

. (44)

We highlight that (44) can be obtained with the aid of
[15, Eq. (38)] which presents the asymptotic result for multiuser
networks.

Second, we find that the asymptotic result for the single-user
relay network in Case 2 is not available since the asymptotic
sum rate evaluates the performance as K → ∞.

Third, the asymptotic result for 1-best feedback in Case 3 is
obtained as

R̂(I)
sum =

K∑
k=1

I1(K; m0, mk, β0, βk)

2K

[
1−
(
1− 1

MRB

)K
]
. (45)

Comparing (45) with (43), we find that the gap between 1-best
feedback and partial feedback decreases as K increases, which

is due to the fact that

[
1 −

(
1 − 1

MRB

)K
]

→ 0 as K → ∞.

Fourth, setting MFB = MRB in (43), we obtain the asymptotic
result for full feedback in Case 4 as

R̂(I)
sum =

K∑
k=1

I1(K; m0, mk, β0, βk)

2K
. (46)

It is indicated from (46) that the asymptotic sum rate for
full feedback does not depend on MRB. It only depends on
the number of users and the value of fading parameters. For
the case of full feedback, the number of CQ values received
by S for each RB is always K, which implies that schedul-
ing outage does not occur. As such, MRB has no impact on
the asymptotic sum rate in such a case. By comparing (43)
with (46), we conclude that the sum rate of partial feed-
back is an increasing function of a factor [1 − (1 − MFB

MRB
)K].

This factor can be viewed as the sum rate loss caused by partial
feedback.

IV. NUMERICAL RESULTS AND SIMULATIONS

In this section, we present numerical results to examine
the sum rate of the MRN for various channel parameters
and network configurations. Throughout this section, we as-
sume that the distances dS,R and {dR,Dk}K

k=1 are uniformly
distributed among (0, 1], η is set to η = 4, and m0 = mk = m,
k ∈ {1, · · · , K}. The variance of the fading coefficients is nor-
malized to unity with E[|h0,b|2] = E[|hk,b|2] = 1. In Figs. 3–9,
we use solid lines to represent the exact sum rate for ideal
CQI feedback, obtained from (30), dotted lines to represent
the exact sum rate for quantized CQI feedback, obtained from
(42), and dashed lines to represent the asymptotic sum rate for
ideal CQI feedback, obtained from (43). We also use marks,
e.g., ‘◦’, ‘�’, ‘�’, and ‘+’, to represent Monte Carlo simulation
points. The rate loss due to cyclic prefix is not included in
the simulation, and will be considered in future work. In all



LU et al.: PARTIAL CHANNEL QUALITY INFORMATION FEEDBACK IN MULTIUSER RELAY NETWORKS 4791

Fig. 3. R(I)
sum versus PS/σ 2 for PR/σ 2 = 5 dB, MRB = 10, MFB = 5, and

dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

Fig. 4. R(I)
sum versus K for PS/σ 2 = PR/σ 2 = 10 dB, MRB = 10, MFB = 5,

and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

Fig. 5. R(I)
sum and R̂(I)

sum versus K for PS/σ 2 =PR/σ 2 =20 dB, MFB =5,
m = 2, and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

Fig. 6. R(I)
sum versus PS/σ 2 for PR/σ 2 = 5 dB, MFB = 5, and K = 5, where

dS,R and {dS,Dk }K
k=1 are uniformly distributed among (0,1), and m0 and

{mk}K
k=1 are uniformly selected from set {1,2,3,4}.

Fig. 7. R(I)
sum and R̂(I)

sum versus PS/σ 2 for PR/σ 2 = 20 dB, MRB = 10, K =
10, m = 2, and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

Fig. 8. R(I)
sum versus PS/σ 2 for PR/σ 2 = 5 dB, MRB = 10, and K = 5, where

dS,R and {dS,Dk }K
k=1 are uniformly distributed among (0,1), and m0 and

{mk}K
k=1 are uniformly selected from set {1,2,3,4}.
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Fig. 9. R(I)
sum, R(Q)

sum, and R̂(Q)
sum versus K for PS/σ 2 = PR/σ 2 = 20 dB, MRB =

10, MFB = 8, m = 2, and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

the figures, we see a precise agreement between the simulation
points and the analytical curves, which verifies the correctness
of our theoretical expressions derived in Section III.

A. Impact of Nakagami-m Fading Parameter

In this subsection, we examine the effect of Nakagami-m fad-
ing parameter on the sum rate. Fig. 3 depicts the exact sum rate
for ideal CQI feedback versus PS/σ 2 for different Nakagami-m
fading parameters and different number of users. We observe
that when K = 10, increasing m yields a lower sum rate, while
when K = 1, increasing m yields a slightly higher sum rate.
This is due to the fact that the fading environment becomes
more scattering and the fluctuations of the signal strength
increase as m decreases [30], [31]. Such a more smattering
fading environment is beneficial for multiuser scheduling, since
the larger channel variation enables the scheduler to arrange
transmissions at higher peaks of channel fading, especially
when the number of users is high. As such, for K = 10 where
multiuser diversity is efficiently exploited, the scheduler is
able to arrange the transmission to the link with best channel
quality. This leads to the fact that higher fluctuations of the
received signal improves the sum rate. On the other hand, for
K = 1 where no multiuser diversity is exploited, the source
transmits the downlink data to D1 on MFB RBs. It follows that
higher fluctuations of the received signal reduces the sum rate.

Fig. 4 depicts the exact sum rate for ideal CQI feedback
versus K for different fading parameters. We observe that a
lower m is beneficial for the sum rate when K is large, e.g.,
K ≥ 8, but detrimental for the sum rate when K is small, e.g.,
K < 8. We note that a more scattering environment caused by
a lower m is theoretically beneficial for the multiuser diversity
[34]. However, this figure shows that this benefit can only be
reaped in the large K regime, due to the partial feedback of CQI.

B. Impact of MRB and MFB

In this subsection, we first examine the impact of MRB on
the sum rate. Fig. 5 depicts the exact sum rate and the asymp-

totic sum rate for ideal CQI feedback versus K for different
MRBs. We first observe that the asymptotic curves accurately
approximate the exact curves when K becomes large, which
demonstrates the validity of our asymptotic result. We then
observe that increasing MRB brings a profound decrease in R(I)

sum
in the small K regime. In the large K regime, alternatively,
the decrease in R(I)

sum brought by increasing MRB is almost
negligible. To explain these observations, we denote Rratio

sum as

the ratio between R(I)
sum for partial feedback with MFB < MRB

and R(I)
sum for full feedback with MFB = MRB, given by

Rratio
sum = R(I)

sum for MFB < MRB

R(I)
sum for MFB = MRB

� 1 −
(

1 − MFB

MRB

)K

. (47)

Based on (47), we find that the value of Rratio
sum is determined

by three terms, namely MFB, MRB, and K. When MFB is fixed
and K is small, increasing MRB significantly decreases Rratio

sum
and therefore decreases the sum rate. When K is large, MRB
has less impact on Rratio

sum . This results in sum rates for different
MRBs approaching each other for a large K.

Fig. 6 depicts the exact sum rate for ideal CQI feedback
versus PS/σ

2 for different MRBs. We observe that the sum rate
significantly increases in the low SNR regime, but is saturated
in the high SNR regime. This is due to the fact that the sum rate
of MRN is limited by the weaker hop. In addition, we observe
that the rate gap among the curves almost keeps as a constant in
the high SNR regime. As such, the rate gap between the MRBs
cannot be compensated by simply increasing the SNR. Based
on Figs. 5 and 6, we conclude that when the feedback overhead
is fixed, the performance of MRN is improved by reducing the
number of RBs.

We next examine the impact of MFB on the sum rate.
Fig. 7 depicts the exact sum rate and the asymptotic sum
rate for ideal CQI feedback versus K for different MFBs. We
first observe that full CQI feedback with MFB = MRB = 10
outperforms partial CQI feedback with MFB < MRB. This per-
formance advantage is pronounced in the small K regime, but
negligible in the large K regime. These observations result from
the fact that Rratio

sum in (47) increases significantly with MFB when
MRB is fixed and K is small. When K is large, the impact of MFB
is less predominant. This in turn results in a decrease in the rate
gap in the large K regime. Note that the performance of 1-CQI
feedback with MFB = 1 is much worse than other schemes. As
such, partial CQI feedback brings substantial sum rate gains
relative to 1-CQI feedback.

Fig. 8 depicts the exact sum rate for ideal CQI feedback
versus Ps/σ

2 for different MFBs. We observe that the rate gap
between the curves almost keeps as a constant in the high
SNR regime. Importantly, increasing PS/σ 2 does not decrease
the rate gap between 1-CQI feedback with MFB = 1 and other
schemes. Based on Figs. 7 and 8, we conclude that when
downlink resources are limited, the performance of MRN can
be improved by increasing MFB. Particularly, the value of
MFB needs to be carefully determined such that a comparable
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performance to the full feedback scheme is achieved without
consuming excessive feedback overhead.

C. Impact of Quantization

Fig. 9 compares the exact sum rate for ideal CQI feedback
with the exact sum rate for quantized CQI feedback versus
K for different number of quantization levels. We also plot
the asymptotic sum rate for quantized CQI feedback. Without
loss of generality, in this figure we consider the uniform quan-
tization scheme. We first observe that the asymptotic curves
accurately approximate the exact curves when K becomes large,
which demonstrates the validity of our asymptotic result. We
then observe that ideal CQI feedback achieves a higher sum rate
relative to quantized CQI feedback. We also observe that the
sum rate for quantized CQI feedback approaches that for ideal
CQI feedback when L increases. This is due to the fact that a
larger L allows more CQI feedback from the destinations, which
increases the accuracy of CQI and in turn leads to a higher
sum rate.

To investigate the sum rate loss caused by quantization,
we define the sum rate gap between ideal CQI and quantized
CQI as

G = R(I)
sum − R(Q)

sum. (48)

In the regime of large K, we approximate (48) as

G ≈ R̂(I)
sum − R(Q)

sum

= 1

2K

K∑
k=1

K∑
μ=1




[
MFB

MRB
, K, μ

]
(I1(K; m0, mk, β0, βk).

− I2(μ; ξ1, · · · , ξL)). (49)

In the special case of full feedback, i.e., MFB = MRB, (49) can
be further simplified as

G= 1

2K

K∑
k=1

(I1(K; m0, mk, β0, βk)−I2(K; ξ1, · · · , ξL)). (50)

We highlight from (50) that this gap no longer depends on
MRB in the case of full feedback. This is due to the fact that
scheduling outage does not occur in the network when MFB =
MRB.

Fig. 10 depicts G versus L for different number of des-
tinations. Fig. 11 depicts G versus L for different number
of feedback CQIs. In both figures the dash-dot curves are
obtained from (49) and the marks are obtained from simulation
results. We first observe from Figs. 10 and 11 that G decreases
whenL increases. This implies that the sum rate of quantized
CQIapproaches that of ideal CQI when the larger number of bits
are usedfor feedback. We then observe from Fig. 10 that G in-
creases when K increases. We further observe from Fig. 11 that
G increases when MFB increases. These observations are due
to the fact that S receives more quantized CQIs when K or
MFB increases. When more quantized CQIs are fed back, the
level of quantization noise increases, leading to a degraded
sum rate.

Fig. 10. G versus L for PS/σ 2 = PR/σ 2 = 10 dB, MRB = 10, MFB = 10,
m = 2, and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

Fig. 11. G versus L for PS/σ 2 = PR/σ 2 = 10 dB, MRB = 10, K = 40, m =
2, and dS,R = dR,Dk = 1, k ∈ {1, · · · , K}.

V. CONCLUSION

We proposed and analyzed a new partial feedback scheme
withopportunistic scheduling in multiuser relay networks. Con-
sidering the highly versatile Nakagami-m fading, we derived
new exact closed-form expressions for the sum rate for two
scenarios, namely, ideal CQI feedback and quantized CQI
feedback. Using these expressions, we examined the impact of
network configurations and channel parameters on the sum rate
via numerical results. We also derived an asymptotic expression
for the sum rate for ideal CQI feedback. We demonstrated that
a more severe scattering environment with lower m reduces the
sum rate for a small K, but improves the sum rate for a large K.
We also demonstrated that a higher MRB worsens the sum rate
for a fixed MFB, and a higher MFB increases the sum rate for
a fixed MRB. Furthermore, we demonstrated that the sum rate
gap between ideal CQI feedback and quantized CQI feedback
decreases as the quantization level increases, while this gap
increases as K or MFB increases.
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APPENDIX A
PROOF OF EQUATION (25)

To derive I1(N; m0, mk, β0, βk) in (25), we first present
Lemma 1 as follows.

Lemma 1: We decompose d(Fγ̃k(γ ))N , N ∈ N
+, as

d
(
Fγ̃k(γ )

)N = Nγ m̂k−1

(m̂k − 1)!
N−1∑
n=0

m̃k,n∑
�=0

(
N − 1

n

)
(−1)nwk,n,�

× γ �e−(n+1)(β0+βk)γ dγ, (51)

where m̂k = min{m0, mk}, m̃k,n = n(m0 + mk − 2) + m̌k − 1
with m̌k = max{m0, mk}.

Proof: Note that d(Fγ̃k(γ ))N is expressed as

d
(
Fγ̃k(γ )

)N = N
(
Fγ̃k(γ )

)N−1
fγ̃k(γ )dγ. (52)

With the aid of [33, Eq. (8.352.1)], the CDF of γu,b is rewritten
as

Fγu,b(γ ) = 1 − e−βuγ

εi−1∑
λi=0

(βuγ )εi

εi! , (53)

and fγ̃k(γ ) in (8) is rewritten as

fγ̃k(γ ) = β
mk
k

�(mk)
γ mk−1e−(β0+βk)γ

m0−1∑
ε0=0

(β0γ )ε0

ε0!

+ β
m0
0

�(m0)
γ m0−1e−(β0+βk)γ

mk−1∑
εk=0

(βkγ )εk

εk!

= e−(β0+βk)γ

�(m̂k)
γ m̂k−1

m̌k−1∑
ε=0

aεγ
ε. (54)

Substituting (53) into (7), we obtain

Fγ̃k(γ )= 1−e−(β0+βk)γ

⎛
⎝m0−1∑

ε0=0

(β0γ )ε0

ε0!

⎞
⎠
⎛
⎝mk−1∑

εk=0

(βkγ )εk

εk!

⎞
⎠

= 1 − e−(β0+βk)γ

m0+mk−2∑
ω=0

cωγ ω, (55)

where cω is the (ω + 1)th entry of c = c1 ∗ c2. Based on (55),
(Fγ̃k(γ ))N−1 is rewritten as(

Fγ̃k(γ )
)N−1

=
N−1∑
n=0

(
N − 1

n

)
(−1)ne−n(β0+βk)γ

⎛
⎝m0+mk−2∑

ω=0

cωγ ω

⎞
⎠n

=
N−1∑
n=0

(
N − 1

n

)
(−1)ne−n(β0+βk)γ

⎛
⎝n(m0+mk−2)∑

ω=0

gn,υγ υ

⎞
⎠ ,

(56)

where gn,υ is the (υ + 1)th entry of gn with gn = c ∗ c ∗ · · · ∗ c︸ ︷︷ ︸
n

.

Substituting (54) and (56) into (52), we obtain

d
(
Fγ̃k(γ )

)N
= N

⎡
⎣N−1∑

n=0

(
N − 1

n

)
(−1)ne−n(β0+βk)γ

n(m0+mk−2)∑
υ=0

gn,υγ υ

⎤
⎦

×
⎡
⎣e−(β0+βk)γ

�(m̂k)
γ m̂k−1

m̌k−1∑
ε=0

aεγ
ε

⎤
⎦ dγ

= N
γ m̂k−1

�(m̂k)

N−1∑
n=0

(
N − 1

n

)
(−1)ne−(n+1)(β0+βk)γ

×
⎡
⎣
⎛
⎝n(m0+mk−2)∑

υ=0

gn,υγ υ

⎞
⎠
⎛
⎝m̌k−1∑

ε=0

aεγ
ε

⎞
⎠
⎤
⎦ dγ. (57)

Expanding the product of
∑n(m0+mk−2)

υ=0 gn,υγ υ and∑m̌k−1
ε=0 aεγ

ε in (57), we derive the desired result in (51). �
Substituting (51) into (24), we obtain

I1(N; m0, mk, β0, βk)

= N

(m̂k − 1)!
N−1∑
n=0

m̃k,n∑
�=0

(
N − 1

n

)
(−1)nwk,n,�

×
∫ ∞

0
log2(1 + γ )γ m̂k+�−1e−(n+1)(β0+βk)γ dγ. (58)

Using [43, Eq. (78)] to calculate the integral involved in (58),
we obtain I1(N; m0, mk, β0, βk) as shown in (25), which com-
pletes the proof.

APPENDIX B
PROOF OF F

Y(Q)
k,b

(ξl) = F
Y(I)

k,b
(ξl)

Based on (36), we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pr
(

Y(Q)
k,b = ξLρR

)
= 1−F

Y(I)
k,b

(ξl)

Pr
(

Y(Q)
k,b = ξL−1ρR

)
= F

Y(I)
k,b

(ξL)−F
Y(I)

k,b
(ξL−1)

...

Pr
(

Y(Q)
k,b = ξlρR

)
= F

Y(I)
k,b

(ξl+1)−F
Y(I)

k,b
(ξl)

...

Pr
(

Y(Q)
k,b = ξ2ρR

)
= F

Y(I)
k,b

(ξ3)−F
Y(I)

k,b
(ξ2)

Pr
(

Y(Q)
k,b = ξ1ρR

)
= F

Y(I)
k,b

(ξ2)−F
Y(I)

k,b
(ξ1) .

(59)

We then note that F
Y(Q)

k,b
(ξl) can be derived as

F
Y(Q)

k,b
(ξl) = Pr

(
Y(Q)

k,b < ξlρR

)
=

l−1∑
i=1

Pr
(

Y(Q)
k,b = ξiρR

)
= F

Y(I)
k,b

(ξl), (60)

which completes the proof.
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